In certain toxicological experiments with laboratory animals, the outcome of interest is the occurrence of dead or malformed fetuses in a 'litter. Previous investigations have shown that the simple onep arameter binomial and Poisson models generally provide poor fits to this type of binary data. In this paper, a type of correlated binom ial model is proposed for use in this situation. First, the model is described in detail and is shown to have certain theoretical advantages over a beta-binomial model proposed by Williams [8]. These two-parameter models are then contrasted as to goodness of fit to some real~life data. Finally, numerical examples are given in which likelihood ratio tests based on these models are employed to assess the significance of treatment-control differences.
INTRODUCTION
In laboratory experiments designed to investigate the teratogenic or toxicological effect of certain compounds, the response of interest is frequently binary in nature, namely, the occurrence or not of "affected" fetuses or implantations in a litter. The "effect" under consideration is generally fetal death or the occurrence of some particular malformation.
The statistical treatment of such data generally requires that the variations in response be described by some underlying probability model, and hence the quality of any subsequent statistical inferences will necessarily depend on how well such a model represents the phenomenon under study.
Two one-parameter models which have been employed for the analysis of fetal death data are the Poisson (see [2] ) and binomial (see [6] Unfortunately, fetal death in mice rarely follows either a Poisson or binomial distribution. For example, Haseman and Soares [3] considered the distribution of fetal death in three large groups of control mice, and found that the Poisson and binomial models provided poor fits to these data. Table 1 below (taken from the Haseman and Soares paper), the observed distribution of fetal death in these three groups has been compared to what would be expected assuming an underlying Poisson or binomial model.
There was significant (P < 0.01) lack of fit in all cases, In addition. when sample sizes were sufficiently large, separate binomial models were fit to groups of animals having the same number of total implants.
In most cases, these analyses also revealed a significant lack of fit.
A two-parameter alternative to the Poisson and binomial models has been suggested by Williams [8] . He assumes that responses within a litter form a set of independent Bernoulli trials whose success probability varies among litters in the same treatment group according to a two-parameter beta distribution, The parameters of the beta distribution for each treatment group are then estimated by maximum likelihood, and the significance of treatment differences is assessed via asymptotic likelihood ratio tests. The purpose of this paper is to present an alternative to the beta-binomial model proposed by Williams, and to compare these two models on both theoretical and practical grounds. As the title of the paper suggests, we. are proposing the use of a type of llcorrelated binomial" model, since we believe that one of the basic assumptions underlying the use of the binomial distribution -namely, the assumpt ion of independent trials -is quite possibly being violated in the experimental setting we are considering. In particular, we feel that fetuses in the same litter tend to have an inherent relationship to one another, and that an appropriate model should in some way allow for an assessment of the strength of this possible intra-litter correlation. Our approach involves "correcting" the usual binomial model via a technique suggested by Bahadur [1] t~account for such within-litter dependency. We feel that this method of handling extra-binomial variation is intuitively more appealing than Williams' approach, which requires both the assumption of mutual independence among the within-litter Bernoulli responses and the assumption of a beta prior distribution for the Bernoulli parameter.
In Section 2 of this paper, we will discuss Bahadur's work and will describe the correlated-binomial model; the very special case of two implants per litter will be briefly considered for illustrative purposes. In Section 3, the beta-binomial and correlated-binomial models will be contrasted as to goodness-of-fit to the data sets given in Table I , and illustrations using the models to compare treatment and control groups will be given.
The analysis procedures to be developed in this paper are useful in a variety of experimental situations. For example, Lachenbruch and Perry [4] discuss a physical therapy experiment involving patients with severed nerves in one hand; separate measurements were made on each finger of each patient.' s hand to assess the relationship between sweat and sensation. Clearly, the observations on the fingers of a hand cannot reasonably be considered to be independent. And, Wei! [7] cites a dental study where approximately 20 teeth per child were examined for the presence of caries, and he points out that there is an inherent dependency among the observations on teeth in the same mouth.
• \ -7-2. THE CORRELATED-BINOMIAL MODEL
General Considerations
To establish notation, let us suppose that there are l. here that the true underlying probability of possessing the attribute depends only on the group under study and does not vary from litter to litter within a group. In contrast, Williams assumes that this probability depends on j as well as i, and he accounts for this variation in a Bayesian way in terms of a beta prior distribution . -8- Under the ordinary binomial distribution assumption that X ijl ,
• are mutually independent, it follows that X. '2""'X" 1J 1Jn .. 1J the value x.. with probability 1J
X..
1J takes
However, when the assumption of mutual independence is unreasonable, then Bahadur [1] has shown that the correct and most general expression for Pr (X.. = x .. ) ,
where the "correction factor" f(x. 'l'x. '2""'x.. ) is what one multi-
plies the standard binomial probability distribution by in order to "cor- (2) rect for" the lack of mutual independence among the is standardized to
then Bahadur has shown that X. 'k'S.
Thus, f(x. ·l'x. ·2"'·'x.. ) is a function of the pairwise (or second-X. 'k's, the third-order correlations, 1) order correlation, as well as being a function of p. itself. The general expression (2) is quite complex and motivates one to look for an approximation to P(x .. ).
1)
An obvious procedure for effecting such an approximation is to neglect correlations of order higher than are required for reasonable accuracy. For example, if all correlations are
• taken to be zero, then we are back to the standard mutually uncorrclated case and so we could say that P(l)(x ij ) is a "first-order" approximation to (2). If we can~easonably neglect all correlations higher than order two, then
We caution at this point 1 < m< n. " may fail to be 1) even though it is always true that P(x .. ).
P( ) (x .. ) for m 1) and indeed is a second-order apprDximation to that non-negative for some values of x .. , n. .
For the situation we are considering, we will write
e. <..1 (4 ) Expression (4) is a two-parameter alternative to Williams' betabinomial model. If needed, one could certainly employ a third or higherorder approximation to P (x .. ) , 1) but it has been our experience that A few comments are in order regarding inequality (5) and Table II. First of all, the upper bound is clearly less restrictive than the lower bound; this is desirable since in most (but not all) situations one would expect p. to be positive. 1 Secondly, both bounds become closer to zero as n.. increases, so that, in practice, the largest n.. in a given
data set is associated. with the most restrictive and governing set of bounds. Finally, sample-based bounds using (5) should be imposed to insure that estimates of p. and 8. (e.g., those obtained by maximum
likelihood) will not lead to negative estimated probabilities based on (4) . Now, the likelihood under model (4) would be where £.. i=O,l. will illustrate by example in Section 3, is best carried out using standard computer function maximization routines, since explicit formulas for the maximum likelihood parameter estimates can only be obtained for the very special case \l1hen n .. =2.
As al1 aside, it is of interest to briefly discuss the likelihood ratio test we propose for examining whether the basic assumption of independent Bernoulli trials is valid. Since the reasonableness of this assump-t ion generally goes unquestioned in most applications involving the binomial distribution, this test should be of some value in this regard. For the i-th Since it helps to highlight some of the differences between our procedure and that of Williams, the special case distribution of X.. is: 1J brief attention. When n .. = 2, 1) n .. = 2 will be given some 1) it follows from (4) that the probability
.. bution for the i-th group, then it is fairly easy to show in this special case that his~.
P(2)
1 is equal to our p. 
I
To compare the fits of the beta-binomial and correlated-binomial models to some real-life data, we will again consider the three sets of data given in Table 1 . In Table III , we have summarized the resul ts of are given in the Haseman &Soares paper). As can be seen, there is little
• fitting the two models to these three data sets (the required n .. 
----------------------------------------------------------------------------------------------------------------------,
. . Table I ). Although we have not attempted to do so here, we can, of course, improve the fit of the correlated-binomial model by allowing for third and even higher-order correlations; such flexibility with regard to model-improvement is not available with IVilliams' approach.
To illustrate the use of model (4) in comparing treated and control groups, we will consider the data of Weil [7] used by Williams in his paper. We wish to perform the likelihood ratio test described in Sec- 
